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We show that the Fano representation leads to a particularly simple and appealing form of the quantum
process tomography matrix xF, in that the matrix xF is real, the number of matrix elements is exactly equal to
the number of free parameters required for the complete characterization of a quantum operation, and these
matrix elements are directly related to evolution of the expectation values of the system’s polarization mea-
surements. These facts are illustrated in the examples of one- and two-qubit quantum noise channels.
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I. INTRODUCTION
The characterization of physical, generally noisy pro-
cesses in open quantum systems is a key issue in quantum
information science f1,2g. Quantum process tomography
sQPTd provides, in principle, full information on the dynam-
ics of a quantum system and can be used to improve the
design and control of quantum hardware. Several QPT meth-
ods have been developed including the standard QPT f2–5g,
ancilla-assisted QPT f6–8g, and direct characterization of
quantum dynamics f9g. In recent years QPT has been experi-
mentally demonstrated with up to three-qubit systems in a
variety of different implementations including quantum op-
tics f8,10–16g, nuclear magnetic resonance quantum proces-
sors f17–19g, atoms in optical lattices f20g, trapped ions
f21,22g, and solid-state qubits f23,24g.
Any quantum state r can be expressed in the Fano form
f25–27g salso known as Bloch representationd. Since the den-
sity operator r is Hermitian, the parameters of the expansion
over the Fano basis are real. Furthermore, due to the linearity
of quantum mechanics, any quantum operation r→r8
=Esrd is represented, in the Fano basis, by an affine map.
In this paper, we point out that in standard QPT it is
convenient to compute the QPT matrix in the Fano basis.
Such process matrix, xF, has the following advantages: sid
the matrix elements of xF are real and siid the number of
matrix elements in xF is exactly equal to the number of free
parameters needed in order to determine a generic quantum
operation. Furthermore, the xF-matrix elements are directly
related to the modification, induced by the quantum opera-
tion E, of the expectation values of the system’s polarization
measurements. We will illustrate our results in the examples
of one- and two-qubit quantum noise. In particular, we will
determine in the xF matrix the specific patterns of various
quantum noise processes. Finally, we will discuss the number
of free parameters physically relevant in determining a quan-
tum operation for a two-qubit system exposed to weak local
noise.
II. FANO REPRESENTATION OF THE STANDARD QPT
To simplify writing, we discuss the Fano representation of
the standard QPT only for qubits, even though the obtained
results can be readily extended to qudit systems. Any n-qubit
state r can be written in the Fano form as follows f25–27g:
r =
1
N oa1,. . .,an=x,y,z,I
ca1. . .an
sa1
^ ¯ ^ san
, s1d
where N=2n, sx, sy, and sz are the Pauli matrices, sI;1,
and
ca1. . .an
= Trssa1 ^ ¯ ^ sanrd . s2d
Note that the normalization condition Trsrd=1 implies
cI. . .I=1. Moreover, the generalized Bloch vector b
= hbaja=1,. . .,N2−1 is real due to the hermiticity of r. Here ba
;ca1. . .an, with a;ok=1
n ik4n−k, where we have defined ik=1,
2, 3, and 4 in correspondence to ak=x, y, z, and I. Note that
from 1 to n qubits run from the most significant to the least
significant. For instance, for two qubits sn=2d, the N2−1
=15 components of vector b are ordered as follows:
bT = sb1,b2, . . . ,b15d
= scxx,cxy,cxz,cxI,cyx,cyy,cyz,cyI,czx,czy,czz,czI,cIx,cIy,cIzd .
s3d
Due to the linearity of quantum mechanics any quantum
operation r→r8=Esrd is represented in the Fano basis
hsa1 ^ . . . ^ sanj by an affine map:
Fb81 G =MFb1 G = FM a0T 1 GFb1 G , s4d
where M is a sN2−1d3 sN2−1d matrix, a is a column vector
of dimension N2−1, and 0 is the null vector of the same
dimension.
All information about the quantum operation E is con-
tained in the N4−N2 free elements of matrix M, namely, in
the matrix
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xF = fM a g . s5d
To obtain the QPT matrix xF from experimental data, one
needs to prepare N2 linearly independent initial states hrij, let
them evolve according to the quantum operation E, and then
measure the resulting states hri8=Esridj. If we call R the
N23N2 matrix whose columns are given by the Fano repre-
sentation of states ri and R8 the corresponding matrix con-
structed from states ri8, we have
R8 =MR , s6d
and therefore
M =R8R
−1
. s7d
As it is well known f2g, the standard QPT can be per-
formed with initial states being product states and local mea-
surements of the final states. As initial states hrij we choose
the 4n tensor-product states of the four single-qubit states
u0l, u1l,
1
Î2
su0l + u1ld,
1
Î2
su0l + iu1ld . s8d
To estimate R8, one needs to prepare many copies of each
initial state ri, let them evolve according to the quantum
operation E, and then measure observables sa1 ^ ¯ ^ san.
Of course, such measurements can be performed on the com-
putational basis hu0l , u1lj^n provided each measurement is
preceded by suitable single-qubit rotations.
III. SINGLE-QUBIT SYSTEMS
The matrix R corresponding to basis s8d reads
R = 3
0 0 1 0
0 0 0 1
1 − 1 0 0
1 1 1 1
4 . s9d
Therefore,
R−1 = 3
−
1
2
−
1
2
1
2
1
2
−
1
2
−
1
2
−
1
2
1
2
1 0 0 0
0 1 0 0
4 . s10d
The coefficients scx ,cy ,czd in the Fano form s1d are the
Bloch-vector coordinates of the density matrix r in the
Bloch-ball representation of single-qubit states. We need
N4−N2=12 parameters to characterize a generic quantum op-
eration acting on a single qubit. Each parameter describes a
particular noise channel ssuch as bit flip, phase flip, ampli-
tude damping, etc.d and can be most conveniently visualized
as associated with rotations, deformations, and displace-
ments of the Bloch ball f1,2,28g. Here we point out that these
noise channels lead to specific patters in the state process
matrix xF.
For instance, for the phase-flip channel,
r8 = Esrd = pszrsz + s1 − pdr, S0 # p # 12D , s11d
we have
R8 = 3
0 0 1 − 2p 0
0 0 0 1 − 2p
1 − 1 0 0
1 1 1 1
4 . s12d
We can then compute M=R8R−1 and the first three lines of
M correspond to the state matrix
xF
spfd
= 3
1 − 2p 0 0 0
0 1 − 2p 0 0
0 0 1 0 4 . s13d
Therefore, the Bloch ball is mapped into an ellipsoid with z
as symmetry axis:
cx → cx8 = s1 − 2pdcx,
cy → cy8 = s1 − 2pdcy ,
cz → cz8 = cz. s14d
As a further example, we consider the amplitude damping
channel,
r8 = o
k=0
1
EkrEk
†
, s15d
with the Kraus operators
E0 = u0lk0u + Î1 − pu1lk1u, E1 = Îpu0lk1u, s0 # p # 1d .
s16d
In this case we obtain
xF
sadd
= 3
Î1 − p 0 0 0
0 Î1 − p 0 0
0 0 1 − p p
4 . s17d
The Bloch ball is deformed into an ellipsoid, with its center
displaced along the z axis:
cx → cx8 =
Î1 − pcx,
cy → cy8 =
Î1 − pcy ,
cz → cz8 = s1 − pdcz + p . s18d
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IV. TWO-QUBIT SYSTEMS
Matrices R and R−1 corresponding to the 16 tensor-product states of single-qubit states fEq. s8dg read as follows:
R =


0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 1 0 0 0 00 0 0 0 0 0 0 0 1 − 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 − 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 1 0 0 0 − 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 − 1 0 0 0 0 0 0 0 0
1 − 1 0 0 − 1 1 0 0 0 0 0 0 0 0 0 0
1 1 1 1 − 1 − 1 − 1 − 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 − 1 0 0 1 − 1 0 0 1 − 1 0 0 1 − 1 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 


, s19d
R−1 =
1
4


 1 1 − 1 − 1 1 1 − 1 − 1 − 1 − 1 1 1 − 1 − 1 1 11 1 1 − 1 1 1 1 − 1 − 1 − 1 − 1 1 − 1 − 1 − 1 1− 2 0 0 0 − 2 0 0 0 2 0 0 0 2 0 0 0
0 − 2 0 0 0 − 2 0 0 0 2 0 0 0 2 0 0
1 1 − 1 − 1 1 1 − 1 − 1 1 1 − 1 − 1 − 1 − 1 1 1
1 1 1 − 1 1 1 1 − 1 1 1 1 − 1 − 1 − 1 − 1 1
− 2 0 0 0 − 2 0 0 0 − 2 0 0 0 2 0 0 0
0 − 2 0 0 0 − 2 0 0 0 − 2 0 0 0 2 0 0
− 2 − 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0
− 2 − 2 − 2 2 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 − 2 − 2 2 2 0 0 0 0 0 0 0 0
0 0 0 0 − 2 − 2 − 2 2 0 0 0 0 0 0 0 0
0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 


. s20d
Note that the 16 columns of R correspond, from left to right,
to the states u0l ^ u0l , u0l ^ u1l , . . . , 1Î2 su0l+ iu1ld ^
1
Î2 su0l
+ u1ld , 1Î2 su0l+ iu1ld ^
1
Î2 su0l+ iu1ld, that is, states are ordered
with the first qubit being the most significant one.
The coordinates hca1a2j in the Fano form s1d are the
expectation values of the polarization measurements
hsa1 ^ sa2j. The coefficients in the state matrix xF represent-
ing a quantum operation E can therefore be interpreted in
terms of modification of these expectation values.
For instance, let us assume that the two qubits are inde-
pendently exposed to pure dephasing, that is, to quantum
noise described by the phase-flip channel s11d, with the same
noise strength p for both qubits. The process matrix for such
uncorrelated dephasing channel is given by
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xF
sudd
=


g2 0 0 0 0 0 0 0 0 0 0 0 0 0 00 g2 0 0 0 0 0 0 0 0 0 0 0 0 00 0 g 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 g 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 g2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 g2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 g 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 g 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 g 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 g 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 g 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 g 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 


,
s21d
where g;1−2p. Correspondingly, the mapping for the ex-
pectation values of the polarization measurements reads
ca1a2
8 = gm1+m2ca1a2, s22d
where mi=1 for ai=x ,y and mi=0 for ai=z , I.
As an example of nonlocal quantum noise, we consider a
model of fully correlated pure dephasing. We model the in-
teraction of the two qubits with the environment as a phase
kick rotating both qubits through the same angle u about the
z axis of the Bloch ball. This rotation is described in the
hu0l , u1lj basis by the unitary matrix
Rzsud = Fe−isu/2d 00 eisu/2dG ^ Fe
−isu/2d 0
0 eisu/2dG . s23d
We assume that the rotation angle is drawn from the random
distribution
psud =
1
Î4pl
e−u
2/4l
. s24d
Therefore, the final state r8, obtained after averaging over u,
is given by
r8 = E
−`
+`
dupsudRzsudrRz
†sud . s25d
For this correlated dephasing channel we obtain the process
matrix
xF
scdd
=


h 0 0 0 0 k 0 0 0 0 0 0 0 0 00 h 0 0 − k 0 0 0 0 0 0 0 0 0 00 0 g 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 g 0 0 0 0 0 0 0 0 0 0 0
0 − k 0 0 h 0 0 0 0 0 0 0 0 0 0
k 0 0 0 0 h 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 g 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 g 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 g 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 g 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 g 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 g 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 


,
s26d
where g;e−l, h; 12 s1+g4d, and k;
1
2 s1−g
4d. It is clear that
process matrix s26d for correlated dephasing has a pattern
that allows to clearly distinguish it from process matrix s21d
for the uncorrelated dephasing.
It is also obvious that, if there exists partial previous
knowledge of the dominant noise sources, it is not necessary
to construct the whole state process matrix xF in order to
characterize the quantum operation. For instance, if we know
a priori that dephasing is the main source of noise and we
wish to estimate its degree of correlation, it is sufficient to
prepare, for instance, the initial state r= 12 su0l+ u1ld^2 and
measure the x and y polarizations of both qubits for the final
state r8. The initial state is fully polarized along x and there-
fore
cxx = 1,
cyy = 0. s27d
For the final state, in the case of fully correlated dephasing
scxx8 d
scdd
= h =
1
2
f1 + g4g ,
scyy8 d
scdd
= k =
1
2
f1 − g4g , s28d
while the expectation values of the xx- and yy-polarization
measurements are remarkably different for uncorrelated
dephasing:
scxx8 d
sudd
= g2,
scyy8 d
sudd
= 0. s29d
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V. DISCUSSION
While in general two-qubit quantum operations depend on
N4−N2=240 real parameters, an important question is how
many parameters are physically significant. The answer of
course depends on the specific noise processes. However, a
clear answer can be given assuming that external noise is
weak and local, that is to say, it acts independently on the
two qubits. In this case, local noise is described by 24 pa-
rameters, 12 for each qubit. Undesired coupling effects
scross-talkd between qubits can be characterized with only
three additional parameters, ux, uy, and uz. Indeed, any two-
qubit unitary transformation U can be decomposed as
f29–31g
U = sA1 ^ B1deisuxsx^sx+uysy^sy+uzsz^szdsA2 ^ B2d , s30d
with A1, A2, B1, and B2 appropriate single-qubit unitaries. In
the limit of weak noise, the state matrix xF is simply given
by the sum of the contributions of each noise channel. There-
fore, the local unitaries A1, A2, B1, and B2 only change the 24
local noise parameters and overall we need 24+3=27
!240 parameters to describe the quantum noise. In the sym-
metric case in which the local noise parameters are the same
for both qubits the number of free parameters further reduces
to 12+3=15. The above argument can be easily extended to
many-qubit systems. Due to the two-body nature of interac-
tions, we need to determine N=12n+3 nsn−1d2 parameters to
characterize noise. Note that N=Oslog Nd!N4−N2. Of
course, cases with strong or nonlocal noise would require a
larger number of free parameters.
It might be useful to briefly compare our approach with
other representations of standard QPT f2–5g, which are based
on the operator-sum representation of quantum operations:
Esrd = o
m,n=1
N2
xmnEmrEn
†
, s31d
where hEmj forms a basis for the set of operators acting on
the N-dimensional Hilbert space of the system. In standard
QPT usually Em=Ni+j= uilkju is chosen, with huilj orthonormal
basis of the system. Such choice does not exploit the fact that
r is Hermitian and therefore leads to complex matrix ele-
ments xmn. In short, x is a N23N2 complex matrix, while in
our approach based on the Fano representation we deal with
N4−N2 independent real parameters. Finally, we note that
our approach requires inversion of the N23N2 matrix R,
while the standard QPT algorithm described in Ref. f2g in-
volves the calculation of a generalized inverse for a N4
3N4 matrix.
To summarize, we have shown that the Fano representa-
tion of the standard QPT is convenient, since the process
matrix xF is real and the number of matrix elements is ex-
actly equal to the number of free parameters required for the
complete characterization of a generic quantum operation.
Moreover, the matrix elements of xF are directly related to
the evolution, induced by the quantum operation, of the sys-
tem’s polarization measurements. We have also shown that
quantum noise channels have specific patterns in the Fano
representation of xF. Finally, we have shown that in the case,
of interest for quantum information processing, of weak and
local noise the number of relevant noise parameters is N
=Oslog Nd!N4−N2, that is, much smaller than the number
of parameters needed to determine a generic quantum opera-
tion. In this case, the xF matrix is very sparse and therefore
the number of polarization measurements needed to recon-
struct it is much smaller than for a generic quantum opera-
tion, thus considerably reducing the QPT complexity.
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